RADAR AMBIGUITY FUNCTIONS, THE HEISENBERG GROUP, AND HOLOMORPHIC THETA SERIES WALTER SCHEMPP1
ABSTRACT.
The concept of linear Schrödinger representation of the real Heisenberg nilpotent group and its various realizations is used to link the theory of radar ambiguity functions with nilpotent harmonic analysis. This group-representation theoretic approach allows us to analyze the radar ambiguity functions simultaneously in time and frequency. Moreover, it allows us to determine the group of all transformations that leave the radar ambiguity surfaces invariant and to specify all admissible envelope functions that belong to radar signals of the same finite energy. In particular, an investigation of the radial, i.e., S0(2, R)-invariant radar ambiguity surfaces, gives rise to an identity for Laguerre-Weber functions of different orders, which implies on its part an identity for holomorphic theta series.
The basic group that stands at the crossroads of quantum mechanics and radar analysis is the real Heisenberg nilpotent group A(R).
Indeed, the connected, simply connected two-step nilpotent Lie group A(R) forms the group-theoretic embodiment of the Heisenberg canonical commutation relations of quantum mechanics (whence its name) which read at the Lie algebra level as follows:
[X,Y}=T, [X,T] = 0, [F,T]=0.
The vectors {X, Y, T} are generators of the real Heisenberg nilpotent Lie algebra n with one-dimensional center RT and the exponential mapping exp: n -► A(R) is a global diffeomorphism that carries Lebesgue measure on n to Haar measure on i(R).
On the other hand, let H(f,g;x,y)= f f\t + ±x)g(t -\x)e2^dt Jr denote the cross-correlation function of two radar signal pulses which are reflected by a moving target. Here /, g are the complex envelope functions of the signals involved. These envelopes are assumed to belong to the Schwartz space S(R) of rapidly decreasing complex-valued smooth functions on the real line R. Moreover, x denotes the time delay, y the Doppler frequency shift and H(f,g; -, ■) the radar cross-ambiguity function. This function plays an important rôle in radar analysis and design (see Woodward [10] a geometric form of the radar uncertainty principle which parallels the uncertainty principle of quantum mechanics. Let U denote the linear Schrödinger representation of A(R) acting on the complex Hubert space L2(R); cf. Howe [3] . The Stone-von Neumann-Mackey theorem asserts that the representation U of A(R) is, up to unitary isomorphy, the only irreducible unitary linear representation of A(R) with t ~~> e2nit as central character. Moreover S(R) admits the intrinsic definition as the complex vector subspace of smooth vectors for U. Let ® denote the dyadic tensor product with respect to the prehilbert space structure of S(R).
Then we have the following grouprepresentation theoretic characterization of H(f,g; -, ■).
THEOREM l. Let U denote the linear Schrödinger representation of the real Heisenberg nilpotent group A(R) in its basic presentation (exponential coordinates). The radar cross-ambiguity function H{f, g; -, ■) with respect to the envelope functions f,g E S(R) is the restriction of the coefficient function tr¡/(/ ® g) of U to the polarized cross section to the center Z in A(R).
Let the differentiated version of the linear Schrödinger representation U of A(R) also be denoted by U. The following group-representation theoretic characterization of H(f, g; -, ■) can be checked by means of the isotropic cross section to Z in A(R). any two radar auto-ambiguity functions with respect to signal envelope functions /fe t¿ 0 in S(R) that are not proportional is never a radar auto-ambiguity function. In particular, the mapping given by
Another important property of the linear Schrödinger representation U of A(R) is its square integrability mod Z, which on its part is equivalent to the geometric fact that the isomorphy class of U corresponds under the natural bijection to a linear variety in n*/Coad(A(R)) in Kirillov's orbit picture of the unitary dual of A(R). In particular, the Schur orthogonality relations imply Moyal's identity / / H(f,g;x,y)H(f',g';x,y)dxdy=(f\f')(g'\g),
Jr Jr
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It is well known that the fundamental group of the symplectic group Sp(l, R) = SL(2, R) is infinite cyclic so that there exists a unique connected Lie group Mp(l, R), called the metaplectic group, which forms a two-fold covering group of Sp(l, R); cf. Borel-Wallach [2] . Let j:cr ~~> a denote the covering homomorphism so that {0} -* Z2 -» Mp(l,R) M Sp(l,R) -> {1} forms a short exact sequence.
If ¿r ~~+ T¿ denotes the metaplectic representation (or unitary oscillator representation in the language of physicists) of Mp(l,R) acting on L2(R), Theorem 1 yields the following result concerning the transformations that leave invariant the radar ambiguity surfaces generated by signals of the same finite energies. 
, if and only if f E S(R) is an eigenvector of the unitary operator T¿: L2(R) -► L2(R).
Conversely, let S denote a unitary automorphism of the complex prehilbert space S(R). Suppose that for all pairs (/, g) of functions in S(R) x S(R) the radar crossambiguity functions H(f, g; -, ■) and H(Sf, Sg; -, •) satisfy the following condition:
For any pair (x,y) E R x R there exists a pair {x',y') E R x R such that the identity (*) H(f,g;x,y) = H(Sf,Sg;x',y') holds, i.e., the mappings H(f,g;-,-) and H(Sf,Sg;-,-) on R x R have the same range and therefore (f,g) and (Sf,Sg) generate the same radar cross-ambiguity surface.
Then there exists a unique mapping o E Sp(l, R) and a complex number n E T such that o-(x,y) = {x',y'), S = rjTè, holds.
The same conclusion holds when the identity (x) is merely supposed to hold on the diagonal of S(R) x S(R), i.e., for the radar auto-ambiguity functions H(f; -, ■) with respect to envelope functions f E 5(R). which is well known from the theory of classical Jacobi theta functions. These functions are deeply connected with some versions of theta functions, the so-called nil-theta functions that are living in a natural way on the Heisenberg compact nilmanifold D\A(R); cf. Auslander [1] and Mumford [4] .
Further details will appear in [6] [7] [8] . For applications of nilpotent harmonic analysis to digital signal processing, see [5] .
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